Published by Institute of Physics Publishing for SISSA/ISAS Received: August 19, 2003 Revised: September 24, 2003 Accepted: September 24, 2003

Cosmological solutions in multidimensional model with multiple exponential potential

Vladimir D. Ivashchuk and Vitaly N. Melnikov

Center for Gravitation and Fundamental Metrology VNIIMS, 3-1 M. Ulyanovoy Str., Moscow, 119313, Russia E-mail: ivas@rgs.phys.msu.su, melnikov@rgs.phys.msu.su

Alexey B. Selivanov

Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia 6 Miklukho-Maklaya Str., Moscow 117198, Russia E-mail: seliv@rgs.phys.msu.su

Abstract: A family of cosmological solutions with (n + 1) Ricci-flat spaces in the theory with several scalar fields and multiple exponential potential is obtained when coupling vectors in exponents obey certain relations. Two subclasses of solutions with power-law and exponential behaviour of scale factors are singled out. It is proved that power-law solutions may take place only when coupling vectors are linearly independent and exponential dependence occurs for linearly dependent set of coupling vectors. A subfamily of solutions with accelerated expansion is singled out. A generalized isotropization behaviours of certain classes of general solutions are found. In quantum case exact solutions to Wheeler-DeWitt equation are obtained and special “ground state” wave functions are considered.

Keywords: Sigma Models, Classical Theories of Gravity, Models of Quantum Gravity.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep092003059 /jhep092003059 .pdf

Contents

1. Introduction 1

2. The model 3 2.1 Minisuperspace notations 4

3. Classical solutions 5

4. Special solutions 7 4.1 Power-law solutions 7 4.2 Solutions with exponential scale factors 8 4.3 One-exponent example 9 4.4 Generalized isotropization 9 4.5 Kasner-type behaviour 11 4.5.1 Example: two spaces with one scalar field 11

5. Quantum solutions 12 5.1 General solutions 12 5.2 Special solutions 13

6. Conclusions 14

A. Equations of motion 14

B. Power-law expansion 15

C. Exponential expansion 16

D. b-proper set of vectors 16

1. Introduction

Recently, the discovery of the cosmic acceleration [1, 2] stimulated a lot of papers on multidimensional cosmology with the aim to explain this phenomenon using certain multidimensional models, e.g. those of superstring or supergravity origin (see [3]–[12], and references therein). These solutions usually deal with time-dependent scale factors of internal spaces, thus overcoming a “no-go” theorem for static (and compact) internal spaces [13]. It should be noted that certain part of publications does not deal with new exact solutions but use old ones (sometimes rediscovered or written in different parametrization).

– 1 –

A simple example of vacuum solution with acceleration was considered by Townsend and Wohlfarth in [3]. This is a (4 + n)-dimensional solution to vacuum Einstein equations with n-dimensional internal space of negative curvature and 4-dimensional “our space” containing expanding 3-dimensional flat subspace. The solution from [3] is a special solution, in a special model with a very special choice of conformal frame. We note that it is a special case of more general vacuum solution from [14], describing the “evolution” of (n−1) Ricci-flat spaces and one Einstein space of non-zero curvature. The solution from [14] was generalized to scalar-vacuum case in [15, 16, 17] and to the case of composite p-brane configurations in [19] (for non-composite case see also [18]). For a review see also [20]. We note that the solutions from [14, 16] may be also used for generation of special solutions with several curved factor spaces (e.g. from [43]) using a curvature-splitting trick [35] (when Einstein space of non-zero curvature is chosen as a product of several Einstein spaces). (For three integrable classes of vacuum cosmological solutions with two factor spaces of non-zero curvature in dimensions D = 10, 11 see [35].)

At present rather popular models are those with multiple exponential potential of the scalar fields (see, for example, [21, 23, 24, 25, 41, 42, 44] and refs. therein).

Such potentials also arise naturally in certain supergravitational models [22] and in sigma-models [26], related to configurations with p-branes.

Here we consider the D-dimensional model governed by the action S_{act} = ∫ M d^Dz √ |g|{R[g] − h_{αβ}g^{MN} ∂_M φ^α∂_N φ^β − 2V_φ(φ)} + S_{GH} , (1.1) with the scalar potential V_φ(φ) = ∑ s∈S Λ_s exp[2λ_s(φ)] . (1.2)

Here S_{GH} is the standard Gibbons-Hawking boundary term [36]. The notations used here are the following ones:

• φ = (φ^α) is the vector from scalar fields in the space R^l with a metric determined by non-degenerate l × l matrix (h_{αβ} ) with inverse one (h^{αβ} ), α, β = 1, . . . , l; • Λ_s are constant terms, s ∈ S; • λ_s is an 1-form on R^l : λ_s(φ) = λ_{sα}φ^α; λ^α_s = h^{αβ} λ_{sβ};

• g = g_{MN} dz^M ⊗ dz^N is the metric, |g| = | det(g_{MN} )|,

M, N are world indices (that may be numerated by 1, . . . , D);

• i, j = 0, . . . , n are indices describing a chain of factor spaces;

A = i, α and B = j, β are minisuperspace indices (that may be numerated also by 0, . . . , n + l).

– 2 –

In this article we obtain new (and general) families of classical and quantum “cosmological” solutions with vector coupling constants obeying λ_{sα}λ_s′_βh^{αβ} = D − 1 D − 2 (1.3)

for s ≠ s^′ and λ_{sα}λ_{sβ}h^{αβ} ≠ D − 1 D − 2 . (1.4)

Here we find exact solutions with scale factors and scalar fields depending upon one variable u (“time”). We keep the parameter w = ±1 in the metric g = we^{2γ(u)}du ⊗ du + . . . for a future consideration of static configurations [40]. They may be of interest in a context of “black hole” solutions with unusual asymptotics (see [27, 28, 29, 30, 12] and references therein). We single out two new subclasses of solutions with power-law and exponential behaviour of scale factors, e.g. those with accelerated expansion. A new result here is generalized isotropization behaviours of certain classes of classical solutions that give new examples of asymptotically accelerated expansion.

The paper is organized as follows. In section 2 the model is formulated. In section 3 a class of classical cosmological solutions corresponding to orthogonal U-vectors is presented. Section 4 deals with special solutions exhibiting power-law and exponential dependence of scale factors. Here we describe the solutions with accelerated expansion. A special subsection is devoted to a generalized isotropization. In section 5 quantum analogues of the classical solutions are considered. In appendix the equations of motion, corresponding to (1.1) are written (appendix A) and derivations of special solutions of power law and exponentional type are presented (appendix B and C); also a classification of vectors in euclidean space obeying relations (1.3) and (1.4) is done (appendix D).

We note that the classical and quantum solutions for cosmological constant case (i.e. for one term in potential with λ_s = 0) were considered earlier in [31] and [32] for vacuum and scalar-vacuum cases, respectively.

2. The model Let M = R_. × M_0 × . . . × M_n (2.1)

be a manifold equipped with the metric g = we^{2γ(u)}du ⊗ du + n∑ i=0 e^{2ϕi(u)}g^i , (2.2)

where w = ±1, R_. is open interval in R, u is a distinguished coordinate; g^i is a Ricci-flat metric on d_i-dimensional manifold M_i:

R_{mini} [g^i] = 0 , (2.3)

d_i = dim M_i, i = 0, . . . , n; n ∈ N.

– 3 –

For dilatonic scalar fields we put

φ^α = φ^α(u) . (2.4)

It may be verified that the equations of motion corresponding to (1.1) for the field configuration (2.2), (2.4) are equivalent to equations of motion for 1-dimensional σ-model with the action S_σ = 1 2 ∫ duN { G_{ij}ϕ̇^iϕ̇^j + h_{αβ}φ̇^αφ̇^β − 2N^{−2}V } , (2.5) where ẋ ≡ dx/du, V = −wV_φ(φ)e^{2γ0(ϕ)} (2.6)

is the potential (V_φ is defined in (1.2)) with

γ_0(ϕ) ≡ n∑ i=0 d_iϕ^i , (2.7) and N = exp(γ_0(ϕ) − γ) > 0 (2.8)

is lapse function. Here G_{ij} = d_iδ_{ij} − d_id_j , G^{ij} = δ^{ij} d_i + 1 2 − D , (2.9)

i, j = 0, . . . , n, are components of a gravitational part of minisupermetric and its dual [33].

2.1 Minisuperspace notations In what follows we consider minisuperspace R^{n+1+l} with points

x ≡ (x^A) = (ϕ^i, φ^α) (2.10)

equipped by minisuperspace metric Ḡ = Ḡ_{AB} dx^A ⊗ dx^B defined by the matrix and inverse one as follows:

(Ḡ_{AB} ) = ( G_{ij} 0 0 h_{αβ} ) , (Ḡ^{AB} ) = ( G^{ij} 0 0 h^{αβ} ) . (2.11)

The potential (2.6) reads V = −w ∑ s∈S Λ_se^{2U s(x)} (2.12)

where U^s(x) = U^s_Ax^A are defined as follows

U^s = U^s(ϕ, φ) = λ_{sα}φ^α + n∑ i=0 d_iϕ^i , (2.13)

or in components (U^s_A) = (d_i, λ_{sα}) . (2.14)

– 4 –

The integrability of the Lagrange system (2.5) depends upon the scalar products of co-vectors U^s corresponding to Ḡ:

(U, U^′) = Ḡ^{AB} U_AU^′_B . (2.15) These products have the following form (U^s, U^{s′} ) = −b + λ_s · λ_s′ , (2.16) where s, s^′ ∈ S and λ_s · λ_s′ ≡ λ_{sα}λ_s′_β h^{αβ} , (2.17) b = D − 1 D − 2 . (2.18) We put the orthogonality restriction on the vectors U^s (U^s, U^{s′} ) = −b + λ_s · λ_s′ = 0 , (2.19) s ≠ s^′, and also consider non-degenerate case (U^s, U^s) = −b + λ_s · λ_s ≠ 0 (2.20) (see (1.3) and (1.4)).

In what follows we denote h_s = (U^s, U^s)^{−1} ≡ 1 λ^2_s − b

. (2.21) The further consideration is based upon the orthogonality conditions assumed.

3. Classical solutions Here we will integrate the Lagrange equations corresponding to the action (2.5) in the harmonic time gauge γ = γ_0. We get a lagrangian L = 1 2 Ḡ_{AB}ẋ^Aẋ^B − V , (3.1) where (Ḡ_{AB} ) and V are defined in (2.11) and (2.12), respectively. The zero-energy constraint reads: E = 1 2 Ḡ_{AB}ẋ^Aẋ^B + V = 0 . (3.2) The solutions to Lagrange equations corresponding to (3.1) in the orthogonal and non-degenerate case (2.19), (2.20) read (see [34, 19]): x^A = − ∑ s∈S U^{sA} (U^s, U^s) ln |f_s| + c^Au + c̄^A . (3.3)

– 5 –

Here f_s = R_s sh (√ C_s(u − u_s) ) , C_s > 0 , ϵ_s < 0 ; (3.4) R_s sin (√ |C_s|(u − u_s) ) , C_s < 0 , ϵ_s < 0 ; (3.5) R_s ch (√ C_s(u − u_s) ) , C_s > 0 , ϵ_s > 0 ; (3.6) | |2Λ^s h_s | |^{1/2} (u − u_s) , C_s = 0 , ϵ_s < 0 , (3.7)

where u_s and C_s are constants and R_s = |2Λ_s/(h_sC_s)|^{1/2} , (3.8) ϵ_s = −sign(wΛ_sh_s) . (3.9) Vectors c = (c^A) and c̄ = (c̄^A) satisfy the linear constraint relations

U^s(c) = U^s_Ac^A = n∑ i=0 d_ic^i + λ_{sα}c^α = 0 , (3.10)

U^s(c̄) = U^s_Ac̄^A = n∑ i=0 d_ic̄^i + λ_{sα}c̄^α = 0 . (3.11)

The zero-energy constraint reads E = ∑ s∈S E_s + 1 2 Ḡ_{AB} c^Ac^B = 0 , (3.12)

where C_s = 2E_s(U^s, U^s), or, equivalently, ∑ s∈S C_sh_s + h_{αβ} c^αc^β + n∑ i=0 d_i(c^i)^2 − (_n ∑ i=0 d_ic^i )_2 = 0 . (3.13)

The solutions. Using (3.3) and relations for contravariant components U^{sA} = Ḡ^{AB} U^s_B U^{si} = G^{ij} U^s_j = − 1 D − 2 , U^{sα} = λ^α_s , (3.14) we are led to relations for the metric g = ( ∏ s∈S f^{2b hs}_s ) { e^{2cu+2c̄}wdu ⊗ du + ( ∏ s∈S f^{−2hs}_s ) ∑ i=0 e^{2ciu+2c̄i} g^i } (3.15)

and scalar fields φ^α = − ∑ s∈S h_sλ^α_s ln |f_s| + c^αu + c̄^α , (3.16) α = 1, . . . , l. Here c = n∑ i=0 d_ic^i , c̄ = n∑ i=0 d_ic̄^i . (3.17)

The functions f_s are defined in (3.4)–(3.7) and the relations on the parameters of solutions c^A, c̄^A (A = i, α) and C_s imposed in (3.10)–(3.11) and (3.13), respectively. (h_s are defined in (2.21).)

– 6 –

4. Special solutions Now we consider a special case of classical solutions from the previous section when C_s = u_s = c^i = c^α = 0 and wΛ_s(λ^2_s − b) > 0 , (4.1) s ∈ S. We get two families of solutions written in synchronous-type variable with:

A) power-law dependence of scale factors for B ≠ −1, B) exponential dependence of scale factors for B = −1, where B = B(λ) = b ∑ s∈S h_s . (4.2)

Note that h_s = h_s(λ_s) = (λ^2_s − b)^{−1}. 4.1 Power-law solutions Let us consider the solution corresponding to the case B ≠ −1. The solution reads (see appendix B) g = wdτ ⊗ dτ + τ^{2ν} n∑ i=0 A_ig^i , (4.3)

φ^α = − 1 B + 1 ∑ s∈S h_sλ^α_s ln τ + φ^α_0 , (4.4)

where τ > 0, ν = B (B + 1)(D − 1)

, (4.5) and |2Λ_s/h_s| exp(2λ_{sα}φ^α_0 ) = (B + 1)^{−2} , (4.6) s ∈ S; and A_i > 0 are arbitrary constants.

Solutions with “acceleration”. Let us consider the cosmological case w = −1. We get an accelerated expansion of factor spaces if and only if ν > 1 or, equivalently, − b < B(λ) < −1 . (4.7) Remark 1. For −1 < B = B(λ) < 0 we get ν < 0, that corresponds to a contraction of factor spaces. When B < −b or B > 0 we are led to the expansion with deceleration, since 0 < ν < 1 in this case. The case B = 0 corresponds to static toy “universe”. For B = −b we obtain the expansion with zero acceleration (ν = 1).

– 7 –

Let us consider the case when the matrix (h_{αβ} ) is positive definite (e.g. h_{αβ} = δ_{αβ} ). It was shown in appendix D that the condition B(λ) ≠ −1 in this case implies that vectors λ_s are linearly independent. It follows also from appendix D that the condition B(λ) < −1 implies that λ^2_{s0} < b , λ^2_s > b for all s ≠ s_0 . (4.8)

Here s_0 ∈ S. These relations combined with inequalities (4.1) lead to

Λ_{s0} > 0 , Λ_s < 0 for all s ≠ s_0 , (4.9)

i.e. one exponent term in potential should be positive and others should be negative.

4.2 Solutions with exponential scale factors

Here we consider the solution corresponding to the case B = −1. The solution reads (see appendix C) g = wdτ ⊗ dτ + exp(2mτ) n∑ i=0 A_ig^i , (4.10) φ^α = (D − 1)mτ ∑ s∈S h_sλ^α_s + φ^α_0 , (4.11)

where |2Λ_s/h_s| exp(2λ_{sα}φ^α_0 ) = m^2(D − 1)^2 , (4.12)

s ∈ S; m is parameter and A_i > 0 are arbitrary constants.

In the cosmological case w = −1 we get an accelerated expansion of factor spaces if and only if m > 0.

Let us consider the case when (h_{αβ} ) is positive definite. As it was shown in appendix D the condition B(λ) = −1 in this case implies that vectors λ_s are linearly dependent, the linear term in (4.11) vanishes and hence

φ^α = φ^α_0 , (4.13)

i.e. for (h_{αβ} ) of euclidean signature all scalar fields are constants when exponential expansion is under consideration. We note that any subset of vectors λ_s, s ∈ S \ {s_0}, is linearly independent one in this case (see appendix D).

Remark 2. It may be shown that for the solution (4.10)–(4.12) the kinetic term for scalar fields vanishes, i.e. h_{αβ}g^{MN} ∂_M φ^α∂_N φ^β = 0 and the scalar potential is constant: V_φ(φ) = V_φ(φ_0) ≡ Λ and (−w)2Λ = m^2(D − 1)(D − 2) (see (4.1)). For w = −1 and Λ > 0 the metric (4.10) is coinciding with that for multidimensional model from [31] with pure cosmological term Λ. Thus, the exponential expansion of factor spaces is driven by effective cosmological term Λ and is not sensitive to time dependence of scalar fields, that takes place only for non-euclidean signatures of (h_{αβ} ).

– 8 –

4.3 One-exponent example The simplest case with one term in the potential (1.2) is interesting due to the absence of the restriction (2.19). It follows from eq. (4.1) that the potential is positive:

V_φ = Λe^{2λαφα} , Λ > 0 (4.14)

(we discard the indices in this example).

The accelerated power law expansion takes place, if

0 < λ^2 < 1 D − 2 , (4.15)

i.e. λ^2 should be small enough but not equal to zero. The inequality is coinciding (up to notations) with the eq. (1.9) from [22]. In this case (4.5) reads as ν = (λ^2(D − 2))^{−1}.

For the exponential expansion eqs. (4.1) and B(λ) = −1 imply

λ^2 = 0 , (4.16)

i.e. λ should be zero vector for positive definite matrix (h_{αβ} ) or light-like vector for (h_{αβ} ) of pseudo-euclidean signature.

4.4 Generalized isotropization In the case of one exponent the special solutions considered above are attractors in the limit τ → +∞ (τ is “synchronous” variable) for general solutions with sinh-dependent function f_s (see (3.4)), when ϵ_s < 0, or, equivalently, (4.1) is satisfied and B ≤ −1. This fact may be readily verified using the relation f_s ∼ (u − u_s) for u → u_s.

Here we consider a more general case of this attractor behavior for multi-exponent case. Let S_− be a subset of all S satisfying ϵ_s < 0, or, equivalently, relations (4.1). Let us study a family of solutions with positive C_s and hence with sinh-dependence of f_s for s ∈ S_− and cosh-dependence of f_s for s ∈ S \ S_−. Consider the solutions on the interval (u_∗, +∞), where u_∗ = max(u_s, s ∈ S_−) . (4.17)

We denote by S_∗ a subset of all s ∈ S_− obeying u_s = u_∗. All functions f_s(u − u_s) are smooth on this interval and near u_∗ they behave as f_s ∼ (u − u_∗) for s ∈ S_∗, or as (non-zero) constants for s ∈ S \ S_∗.

Introducing the synchronous time variable by relation τ = ∫ du exp(cu + c̄) ∏ s (f_s(u − u_s))^{bhs} + const (4.18)

we get τ → +∞ as u → u_∗ in two cases:

A) B_∗ < −1 and τ ∼ (u − u_∗)^{B∗+1} ; (4.19)

B) B_∗ = −1 and τ ∼ − ln |u − u_∗| . (4.20)

– 9 –

Here we denote B_∗ = B(λ, S_∗) = ∑ s∈S_∗ h_sb . (4.21)

Case A. Using arguments analogous to those presented in appendix B we get the following asymptotical relations in the limit τ → +∞ for B_∗ < −1 g_{as} = wdτ ⊗ dτ + n∑ i=0 A_iτ^{2ν∗} g^i , (4.22) φ^α_{as} = − 1 B_∗ + 1 ∑ s∈S_∗ h_sλ^α_s ln τ + φ^α_0 , (4.23)

where ν_∗ = B_∗ (B_∗ + 1)(D − 1)

, (4.24)

and A_i > 0 are constants.

Thus, we get an isotropization behaviour of scale factors for τ → +∞, that is supported by exponential terms in the potential labelled by s ∈ S_∗. Other exponential terms do not contribute to the power-law index ν_∗. For − b < B_∗ < −1 (4.25) we obtain the accelerated expansion for large enough values of τ.

Case B. An analogous consideration in the case B_∗ = −1 leads to the following asymptotical relations in the limit τ → +∞ (see also appendix C) g_{as} = wdτ ⊗ dτ + n∑ i=0 A_i exp(2mτ)g^i , (4.26) φ^α_{as} = (D − 1)mτ ∑ s∈S_∗ h_sλ^α_s + φ^α_0 , (4.27)

where m > 0 and |2Λ_s/h_s| exp(2λ_{sα}φ^α_0 ) = m^2(D − 1)^2 , (4.28) s ∈ S_∗. Thus, we obtain the accelerated expansion for large enough values of τ.

This is another regime of isotropization behaviour (for one-exponent case with λ_s = 0 see also [31, 32]).

Remark 3. It may be shown that for the asymptotical solution (4.26)–(4.28) the kinetic term for scalar fields asymptotically vanishes, i.e. h_{αβ} g^{MN} ∂_M φ^α∂_N φ^β → 0 as τ → +∞ and the scalar potential is asymptotically constant: V_φ(φ) → ∑ s∈S_∗ Λ_s exp[2λ_s(φ_0)] ≡ Λ_∗ (4.29)

as τ → +∞. Here (−w)2Λ_∗ = m^2(D − 1)(D − 2). For w = −1 and Λ_∗ > 0 the “asymptotical” metric (4.10) is coinciding with that for multidimensional model from [31] with pure cosmological term Λ_∗. When (h_{αβ} ) has euclidean signature the exponential isotropization behaviour takes place only for S = S_∗ (it follows from appendix D). In this case φ_{as} = φ_0.

– 10 –

4.5 Kasner-type behaviour Let us study the solution with sinh-dependence in the limit u → ∞. We restrict ourselves by Kasner-like behaviour of solutions for small τ. The functions (3.4) and (4.18) behave as f_s ∼ e^{√Csu} , τ ∼ e^{(bΣ+c)u} , u → +∞ , (4.30) where Σ = ∑ s∈S h_s √ C_s. To get the limit τ → +0 we put

bΣ + c < 0 . (4.31) The metric and scalar fields in the limit τ → +0 read as follows: g_{as} = wdτ ⊗ dτ + n∑ i=0 Ã_iτ^{2αi} g^i , (4.32)

φ^β_{as} = α^β ln τ + φ̃^β_0 , (4.33) where the Kasner parameters are given by the formulas

α^i =

Σ · (D − 2)^{−1} + c^i bΣ + c , (4.34)

α^β = − ∑ s∈S h_s √ C_sλ^β_s + c^β bΣ + c . (4.35) One can see that these parameters obey the generalized Kasner relations: n∑ i=0 d_iα^i = 1 , n∑ i=0 d_i(α^i)^2 + h_{αβ} α^αα^β = 1 . (4.36)

We note that for bΣ + c < 0 we get a Kasner-like asymptotics in the limit τ → −∞ (with τ replaced by |τ| in (4.32) and (4.33)). 4.5.1 Example: two spaces with one scalar field As an example let us consider the model with two factor spaces, one scalar field and one term in potential. It is not difficult to verify, that the parameters

α^0 =

(d_0 − R) d_0(d_0 + d_1)

, α^1 =

(d_1 + R) d_1(d_0 + d_1)

, α^β = 0 , (4.37)

where R = √ d_0d_1(D − 2), satisfy the eqs. (4.36).

For d_1 = 3, d_2 = 6 the behaviour of scale factors are presented in figure 1, when: a) λ^2 = 1/16 (asymptotically power law expansion); b) λ = 0 (asymptotically exponential expansion).

Remark 4. It will be shown in a separate publication that Kasner-like behaviour near the singularity (as τ → +0) is a generic one for n > 0 and a wide class of scalar potentials (1.2).

– 11 –

Figure 1: The behaviour of scale factors of two factor spaces of dimensions d_0 = 3 and d_1 = 6 in the presence of one scalar field and one term in potential for the cases: a) λ^2 = 1/16; b) λ = 0. In both cases the Kasner parameter for the scalar field is chosen to be zero.

5. Quantum solutions Here we find the quantum analogues of the classical solutions presented above. 5.1 General solutions The standard quantization of the energy constraint μE = 0, where μ ≠ 0 is a parameter, leads to the Wheeler-DeWitt (WDW) equation (see, for example, [33, 37, 38]) in the harmonic-time gauge γ = γ_0(ϕ) ĤΨ ≡ ( − 1 2μ Δ[Ḡ] + μV ) Ψ = 0 . (5.1)

Here V is potential defined in (2.12), Δ[Ḡ] is the Laplace operator, corresponding to Ḡ, and Ψ is wave function.

The minisuperspace metric may be diagonalized by the linear transformation z^Ā = S^Ā_Bx^B , (z^Ā) = (z^0, z^a, z^s) (5.2) as follows Ḡ_{AB} dx^A ⊗ dx^B = −dz^0 ⊗ dz^0 + ∑ s∈S η_sdz^s ⊗ dz^s + dz^a ⊗ dz^bη_{ab} , (5.3)

where a, b = 1, . . . , n + l − |S|; η_{ab} = η_{aa}δ_{ab}; η_{aa} = ±1, η_s = sign(h_s), and q_sz^s = U^s(x) , (5.4) with q_s = |h_s|^{−1/2} = √ |λ^2_s − b| > 0 , (5.5) s ∈ S.

– 12 –

We are seeking the solution to WDW equation (5.1) by the method of the separation of variables, i.e. we put Ψ = ( ∏ s∈S Ψ_s(z^s) ) e^{ipaza} . (5.6)

The wave function (5.6) satisfies to WDW equation (5.1) if

2Ĥ_sΨ_s ≡ { −η_s ∂ ∂z^s ( ∂ ∂z^s ) − 2wΛ_se^{2qszs} } Ψ_s = 2E_sΨ_s , (5.7)

where η^{ab}p_ap_b + 2 ∑ s∈S E_s = 0 . (5.8)

(compare with classical relation (3.12)).

The linearly independent solutions to eq. (5.7) reads

Ψ_s(z^s) = B^s_{ωs} (√ −2wη_sΛ_s e^{qszs} q_s ) , (5.9)

where ω_s = √ −2E_sh_s , (5.10)

s ∈ S and B^s_ω = a_sI_ω + b_sK_ω are superpositions of modified Bessel function.

The general solution to the WDW equation (5.1) is a superposition of the “separated” solutions (5.6).

5.2 Special solutions Let us consider the special “ground state” solutions with p_a = E_s = 0 in (5.9), when relations (4.1) are imposed. These solutions read Ψ = ∏ s∈S ( a_sJ_0( √ 2|h_sΛ_s| ve^{λs(φ)}) + b_sH^{(1)}_0 ( √ 2|h_sΛ_s| ve^{λs(φ)}) ) , (5.11)

where J_0 and H^{(1)}_0 are the Bessel and Hankel functions, respectively, and v = exp(^n ∑ i=0 d_iϕ^i) is a volume scale factor. These quantum solutions correspond to special classical solutions considered in the previous section.

We note that for large values of

v_s = √ 2|h_sΛ_s| v exp(λ_s(φ)) (5.12)

we get a quasi-classical regime, that may be obtained (along a line as it was done in [39]) using asymptotical relations for Bessel functions. For small values of “quasivolumes” v_s we are led to a quantum regime. The crucial point here is that the quantum domain is not defined only by volume scale factor v, but by “quasivolumes” v_s, depending also upon scalar fields. In strong enough scalar fields with certain signs (and the direction of vector φ) and/or small |h_sΛ_s| one can obtain a quantum behaviour of a wave function for big enough values of volume scale factor v. Analogous “effect” takes place also for quantum solutions with “perfect fluid” [16] when certain equations of state are adopted.

– 13 –

6. Conclusions

Here we obtained a family of multidimensional cosmological solutions with (n+1) Ricci-flat spaces in the theory with several scalar fields and multiple exponential potential.

The classical and quantum solutions are obtained if the (orthogonality and nondegeneracy) relations (2.19) and (2.20) on U-vectors are imposed, or, equivalently, when relations (1.3) and (1.4) on coupling vectors are satisfied. These solutions in fact correspond to A_1 + · · · + A_1 Toda-like solutions (for perfect fluid case see [34]).

Here we singled out the solutions with power-law and exponential behaviours of scale factors. We proved that power-law dependence may take place only when coupling vectors λ_s are linearly independent; exponential dependence may occur only for a linearly dependent set of λ_s obeying the condition B(λ) = −1. We obtained the restriction on coupling vectors (4.7) that cuts power-law solutions with acceleration. In subsection 4.3 the generalized isotropization behavior of certain class of general solutions was found. Any asymptotics with power-law or exponential behavior corresponds to a certain subset of exponential terms in the potential (all other exponential terms do not contribute to this asymptotical behaviour).

In the quantum case we solved the Wheeler-DeWitt equation and singled out special “ground state” solutions that are quantum analogous of special classical solutions from section 4. These solutions are defined as products of Bessel functions and depend upon a set of quasivolumes that may be small enough (i.e. belonging to “quantum domain”) even when the volume scale factor of the toy “universe” is in the classical region (in the Planck scale).

Acknowledgments

This work was supported in part by the Russian Ministry of Science and Technology, Russian Foundation for Basic Research (RFFI-01-02-17312-a) and Project DFG (436 RUS 113/678/0-1(R)).

A. Equations of motion

Here we outline for the sake of completeness the equations of motions corresponding to the action (1.1) R_{MN} − 1 2 g_{MN} R = T_{MN} , (A.1) △[g]φ^α − ∑ s∈S 2λ^α_s e^{2λs(φ)}Λ_s = 0 . (A.2)

In (A.1) T_{MN} = h_{αβ} ( ∂_M φ^α∂_N φ^β − 1 2 g_{MN} ∂_P φ^α∂^P φ^β ) − V_φg_{MN} . (A.3)

– 14 –

B. Power-law expansion Here we derive the solution (4.3)–(4.6) from the general one. We start from the relation (3.3) that can be written in our case as follows x^A(u) = − ∑ s∈S h_sU^{sA} ln( √ |2Λ_s/h_s|u) + c̄^A , (B.1)

where u > 0.

Introducing a new variable τ > 0 by formula u = Cτ^{1/(B+1)} , C > 0 , (B.2) we rewrite (B.1) in the following manner x^A = − ∑ s∈S h_sU^{sA} ln τ + x^A_0 (B.3)

with constants x^A_0 = c̄^A − ∑ s∈S h_sU^{sA} ln (√ |2Λ_s/h_s|C ) . (B.4)

Due to orthogonality of U^s-vectors the constraints on integration constant U^s_Ac̄^A = 0 may be written in the equivalent form U^s_Ax^A_0 = − ln( √ |2Λ_s/h_s|C) . (B.5) In components the solution (B.3) for (x^A) = (ϕ^i, φ^α) reads ϕ^i = B (B + 1)(D − 1) ln τ + ϕ^i_0 , (B.6)

φ^α = − 1 B + 1 ∑ s∈S h_sλ^α_s ln τ + φ^α_0 . (B.7)

Here (x^A_0 ) = (ϕ^i_0, φ^α_0 ).

For γ_0(ϕ) =^n ∑ i=0 d_iϕ^i we get

γ_0(ϕ) = B (B + 1) ln τ + ϕ_0 , (B.8)

where ϕ_0 =^n ∑ i=0 d_iϕ^i_0.

From the definition of “synchronous” variable exp(2γ_0(ϕ))du^2 = dτ^2 (B.9) we obtain C = |B + 1| exp(−ϕ_0) (B.10) and hence (B.5) reads λ_{sα}φ^α_0 = − ln (√| | | 2Λ_s h_s | | |C ) . (B.11)

The solution (4.3)–(4.6) follows from the formulas (B.6), (B.7), (B.9), (B.11) and A_i = exp(2ϕ^i_0).

– 15 –

C. Exponential expansion The solution (4.10)–(4.12) may be obtained just along a line as it was done for the powerlaw case. The only difference here is the relation u = C exp(Mτ) , C > 0 , (C.1) instead of (B.2). Using a procedure analogous to considered hereabove we get ϕ^i = − 1 D − 1 Mτ + ϕ^i_0 , (C.2) φ^α = − ∑ s∈S h_sλ^α_s Mτ + φ^α_0 (C.3)

and γ_0(ϕ) = −Mτ + ϕ_0 . (C.4) From (B.9) we get C = |M|^{−1} exp(−ϕ_0) (C.5) and introducing new parameter m = −M/(D − 1) we obtain the solution (4.10)–(4.12).

D. b-proper set of vectors The statements of this subsection are based on relations (1.3) and (1.4)), that are used in Definition of b-proper set (see below). The conditions for exponential expansion follow from Theorem. Lemma 2 is useful for analysis of “power-law” expansion.

In what follows {λ_i} means a set of vectors λ_1, . . . , λ_m ∈ R^l , l ∈ N. The vector space R^l is equipped with a scalar product (it corresponds to the positive definite matrix (h_{αβ} ) in the bulk of the article).

Definition 1. Let b > 0. The set of vectors {λ_i} is called a b-proper one if λ_i · λ_j = b , (D.1) λ^2_i ≠ b , (D.2) i ≠ j, i, j = 1, . . . m. Lemma 1. Let K = (λ_i · λ_j) be a matrix of scalar products for a b-proper set of vectors {λ_i}. Then detK = (B + 1) m∏ i=1 (λ^2_i − b) , (D.3) where B = B(λ_1, . . . , λ_m) ≡ m∑ i=1 b λ^2_i − b

. (D.4)

– 16 –

Proof. Using relations K_{ij} = λ_i · λ_j = (λ^2_i − b)δ_{ij} + b = (λ^2_i − b) ( δ_{ij} + b λ^2_i − b ) (D.5) we represent the matrix K as a product of a matrix K̄ and a diagonal matrix D: K̄_{ij} = δ_{ij} + b λ^2_i − b

, D_{ij} = δ_{ij} (λ^2_i − b) . (D.6) A product of determinants detD and detK̄ yields (D.3). Here we used the relation detK̄ = B + 1, that can be readily proved.

Theorem 1. Let {λ_i} be a b-proper set. The set {λ_i} is linearly dependent if, and only if B = B(λ_1, . . . , λ_m) = −1 . (D.7) In this case_m ∑ i=1 λ_i λ^2_i − b

= 0 (D.8) and any subset of m − 1 vectors from {λ_i} is linearly independent one. Proof. The linear dependence of vectors {λ_i} is equivalent to det K = 0 that is equivalent (due to Lemma 1) to relation (D.7).

From the relation B(λ_1, . . . , λ_m) = B(λ_1, . . . , λ_{m−1}) + b λ^2_m − b

= −1 (D.9) we get B(λ_1, . . . , λ_{m−1}) ≠ −1 and hence the vectors λ_1, . . . , λ_{m−1} are linearly independent. It is obvious that any m − 1 λ-vectors are also linearly independent.

To prove (D.8) let us denote λ = m∑ i=1 λ_i λ^2_i − b

. (D.10)

Using the scalar products (D.5) we obtain λ^2 =

B(B + 1) b = 0 (D.11) and, hence, λ = 0. The Theorem is proved.

As consequence we obtain the inequality on the number of b-proper vectors: m ≤ l + 1. (The equality m = l + 1 takes place when the vectors are linearly dependent.) Lemma 2. In the b-proper set {λ_i}:

a there are no two or more vectors λ_i obeying λ^2_i < b; b B > −1 ⇔ vectors λ_i are linearly independent and all λ^2_i > b.

– 17 –

Proof.

a Let us suppose that there are two vectors λ_i, λ_j , such that λ^2_i < b and λ^2_j < b. Then b^2 = (λ_i · λ_j)^2 ≤ λ^2_i λ^2_j < b^2, i.e. we come to a contradiction.

b If B > −1 then by the Theorem the vectors are linearly independent and hence the matrix (λ_i · λ_j) = (K_{ij} ) is positive definite. This implies detK > 0. Due to relation (D.3) and part a. of this lemma we get: λ^2_i > b for all vectors.

Now, let the vectors {λ_i} be linearly independent and all λ^2_i > b. Then det K > 0, and due to (D.3), B + 1 > 0. The lemma is proved.

References

[1] Supernova Search Team collaboration, A.G. Riess et al., Observational evidence from supernovae for an accelerating universe and a cosmological constant, Astron. J. 116 (1998) 1009–1038 [astro-ph/9805201].

[2] Supernova Cosmology Project collaboration, S. Perlmutter et al., Measurements of omega and lambda from 42 high-redshift supernovae, Astrophys. J. 517 (1999) 565 [astro-ph/9812133].

[3] P.K. Townsend and M.N.R. Wohlfarth, Accelerating cosmologies from compactification, Phys.

Rev. Lett. 91 (2003) 061302 [hep-th/0303097].

[4] N. Ohta, Accelerating cosmologies from S-branes, Phys. Rev. Lett. 91 (2003) 061303 [hep-th/0303238].

[5] L. Cornalba and M.S. Costa, A new cosmological scenario in string theory, Phys. Rev. D 66 (2002) 066001 [hep-th/0203031].

[6] J.L. Boldo, C.P. Constantinidis, F. Gieres, M. Lefrancois and O. Piguet, Topological Yang-Mills theories and their observables: a superspace approach, Int. J. Mod. Phys. A 18 (2003) 2119 [hep-th/0303084].

[7] M.N.R. Wohlfarth, Accelerating cosmologies and a phase transition in M-theory, Phys. Lett.

B 563 (2003) 1 [hep-th/0304089].

[8] R. Emparan and J. Garriga, A note on accelerating cosmologies from compactifications and S-branes, J. High Energy Phys. 05 (2003) 028 [hep-th/0304124].

[9] N. Ohta, A study of accelerating cosmologies from superstring/m theories, Prog. Theor. Phys.

110 (2003) 269 [hep-th/0304172].

[10] C.-M. Chen, P.-M. Ho, I.P. Neupane and J.E. Wang, A note on acceleration from product space compactification, J. High Energy Phys. 07 (2003) 017 [hep-th/0304177].

[11] M. Gutperle, R. Kallosh and A. Linde, M/string theory, S-branes and accelerating universe, JCAP 0307 (2003) 001 [hep-th/0304225].

[12] C.P. Burgess, C. Núñez, F. Quevedo, G. Tasinato and I. Zavala, General brane geometries from scalar potentials: gauged supergravities and accelerating universes, J. High Energy Phys. 08 (2003) 056 [hep-th/0305211].

– 18 –

[13] G.W. Gibbons, Aspects of supergravity theories, in Supersymmetry, supergravity, and related topics, F. del Aguila, J.A. de Azcarraga and L.E. Ibáñez eds., World Scientific, Singapore 1985, pp. 346–351.

[14] V.D. Ivashchuk, Multidimensional cosmology and Toda-like systems, Phys. Lett. A 170 (1992) 16.

[15] U. Bleyer and A. Zhuk, Multidimensional integrable cosmological models with negative external curvature, Grav. Cosmol. 2 (1995) 106.

[16] V.D. Ivashchuk and V.N. Melnikov, Multidimensional classical and quantum cosmology with perfect fluid, Grav. Cosmol. 1 (1995) 133 [hep-th/9503223].

[17] U. Bleyer and A. Zhuk, Multidimensional integrable cosmological models with positive external space curvature, Grav. Cosmol. 1 (1995) 37.

[18] M.A. Grebeniuk, V.D. Ivashchuk and V.N. Melnikov, Integrable multidimensional classical and quantum cosmology for intersecting p-branes, Grav. Cosmol. 3 (1997) 243–249 [gr-qc/9708031].

[19] V.D. Ivashchuk and V.N. Melnikov, Multidimensional classical and quantum cosmology with intersecting p-branes, J. Math. Phys. 39 (1998) 2866 [hep-th/9708157].

[20] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity with antisymmetric forms, Class. and Quant. Grav. 18 (2001) R87 [hep-th/0110274].

[21] B. Ratra and P.J.E. Peebles, Cosmological consequences of a rolling homogeneous scalar field, Phys. Rev. D 37 (1988) 3406.

[22] P.K. Townsend, Quintessence from M-theory, J. High Energy Phys. 11 (2001) 042 [hep-th/0110072].

[23] E.J. Copeland, A.R. Liddle and D. Wands, Exponential potentials and cosmological scaling solutions, Phys. Rev. D 57 (1998) 4686.

[24] T. Barreiro, E.J. Copeland and N.J. Nunes, Quintessence arising from exponential potentials, Phys. Rev. D 61 (2000) 127301 [astro-ph/9910214].

[25] H. Dehnen, V.R. Gavrilov and V.N. Melnikov, General solutions for flat friedmann universe filled by perfect fluid and scalar field with exponential potential, gr-qc/0212107.

[26] V.D. Ivashchuk and V.N. Melnikov, Sigma-model for the generalized composite p-branes, Class. and Quant. Grav. 14 (1997) 3001 [hep-th/9705036].

[27] D.L. Wiltshire, Global properties of Kaluza-Klein cosmologies, Phys. Rev. D 36 (1987) 1634.

[28] K.C.K. Chan, J.H. Horne and R.B. Mann, Charged dilaton black holes with unusual asymptotics, Nucl. Phys. B 447 (1995) 441 [gr-qc/9502042].

[29] R.-G. Cai, J.-Y. Ji and K.-S. Soh, Topological dilaton black holes, Phys. Rev. D 57 (1998) 6547 [gr-qc/9708063].

[30] H.A. Chamblin and H.S. Reall, Dynamic dilatonic domain walls, Nucl. Phys. B 562 (1999) 133 [hep-th/9903225].

[31] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional cosmology with cosmological constant, Theor. Math. Phys. 98 (1994) 312.

– 19 –

[32] U. Bleyer, V.D. Ivashchuk, V.N. Melnikov and A. Zhuk, Multidimensional classical and quantum wormholes in models with cosmological constant, Nucl. Phys. B 429 (1994) 177 [gr-qc/9405020].

[33] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, On Wheeler-DeWitt equation in multidimensional cosmology, Nuovo Cim. B104 (1989) 575.

[34] V.R. Gavrilov, V.D. Ivashchuk and V.N. Melnikov, Integrable pseudo-euclidean Toda-like systems in multidimensional cosmology with multicomponent perfect fluid, J. Math. Phys. 36 (1995) 5829.

[35] V.R. Gavrilov, V.D. Ivashchuk and V.N. Melnikov, Multidimensional integrable vacuum cosmology with two curvatures, Class. and Quant. Grav. 13 (1996) 3039 [gr-qc/9602063].

[36] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum gravity, Phys. Rev. D 15 (1977) 2752.

[37] C.W. Misner, in Magic without magic: John Archibald Wheeler, J.R. Klauder ed., Freeman, San Francisco 1972.

[38] J.J. Halliwell, Derivation of the Wheeler-de Witt equation from a path integral for minisuperspace models, Phys. Rev. D 38 (1988) 2468.

[39] V.D. Ivashchuk, M. Kenmoku and V.N. Melnikov, On quantum analogues of p-brane black holes, Grav. Cosmol. 6 (2000) 225–232 [gr-qc/0101043].

[40] V.D. Ivashchuk, V.N. Melnikov and A.B. Selivanov, in preparation.

[41] Z.K. Guo, Y.-S. Piao and Y.-Z. Zhang, Cosmological scaling solutions and multiple exponential potentials, Phys. Lett. B 568 (2003) 1 [hep-th/0304048].

[42] Z.-K. Guo, Y.-S. Piao, R.-G. Cai and Y.-Z. Zhang, Cosmological scaling solutions and cross-coupling exponential potential, hep-th/0306245.

[43] C.-M. Chen, P.-M. Ho, I.P. Neupane, N. Ohta and J.E. Wang, Hyperbolic space cosmologies,

hep-th/0306291.

[44] S. Nojiri and S.D. Odintsov, Where new gravitational physics comes from: M-theory?,

hep-th/0307071.

– 20 –